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The Barbero-Immirzi Parameter as a Scalar Field: 
K-Inflation from Loop Quantum Gravity? 
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We consider a loop-quantum gravity inspired modification of general relativity, where the Hoist 
action is generalized by making the Barbero-Immirzi (BI) parameter a scalar field, whose value could 
be dynamically determined. The modified theory leads to a non-zero torsion tensor that corrects the 
field equations through quadratic first-derivatives of the BI field. Such a correction is equivalent to 
general relativity in the presence of a scalar field with non-trivial kinetic energy. This stress-energy 
of this field is automatically covariantly conserved by its own dynamical equations of motion, thus 
satisfying the strong equivalence principle. Every general relativistic solution remains a solution to 
the modified theory for any constant value of the BI field. For arbitrary time-varying BI fields, a 
study of cosmological solutions reduces the scalar field stress-energy to that of a pressureless perfect 
fluid in a comoving reference frame, forcing the scale factor dynamics to be equivalent to those of a 
stiff equation of state. Upon ultraviolet completion, this model could provide a natural mechanism 
for k-inflation, where the role of the inflaton is played by the BI field and infiation is driven by its 
non-trivial kinetic energy instead of a potential. 

PACS numbers: 4.50.Kd, 04.60.Pp, 98.80.Cq, 98.80.Jk 



I. INTRODUCTION 

The failure of general relativity (GR) to explain the 
nature of spacetime and cosmological singularities begs 
for a completion of the theory. One path toward this 
completion is the unification of GR and quantum me- 
chanics, through the postulate that spacetime itself is 
discrete ~ loop quantum gravity (LQG) T, 2, d]. This for- 
malism is most naturally developed within the first-order 
approach [4] in terms of a generic connection and its con- 
jugate electric field. When cast in these new variables, 
the quantization of the Einstein-Hilbert action resembles 
that of quantum electrodynamics, and thus, tools from 
field and gauge theories can be employed. 

Currently, two versions exist of the connection vari- 
ables: a selfdual SL(2, C) Yang-Mills-like connection and 
a real SU(2) connection. The first kind is the so-called 
Ashtekar connection, which was the first employed to 
develop LQG and which must satisfy some reality con- 
ditions |5;]. The second type is the so-called Barbero 
connection and it was constructed to avoid these real- 
ity conditions [6|. Both the Ashtekar or Barbero for- 
malisms can be obtained directly from the so-called Hoist 
action, which consists of the Einstein-Hilbert piece plus 
a new term that depends on the dual to the curvature 
tensor [3| . The Barbero-Immirzi (BI) parameter 7 arises 
in the Hoist action as a multiplicative constant that con- 
trols the strength of the dual curvature correction. In the 
quantum theory, it determines the minimum eigenvalue 
of the discrete area and discrete volume operators [8] . 

The Hoist action reduces to the Einstein-Hilbert action 



'Electronic address; 
T Electronic address: 



victor@gravity.psu.edu| 



yunes@gravity.psu.edu| 



upon imposition of the field equations obtained through 
the action-principle. Variation with respect to the con- 
nection reduces to a torsion-free condition, and when this 
is used at the level of the action, the dual curvature piece 
vanishes due to the Bianchi identities. Therefore, the 
Hoist action leads to the same dynamical field equations 
as the Einstein-Hilbert action, with modifications only in 
the quantum regime. In the presence of matter, such as 
fermions, the dual curvature piece does not vanish identi- 
cally since the variation of the action with respect to the 
connection leads to a non- vanishing torsion tensor |9l.ll0l|. 

In this paper, we consider a generalization of GR, mod- 
ified Hoist gravity, where we scalarize the BI parameter 
in the Hoist action, i.e. we promote the BI parameter 
to a field under the integral of the dual curvature term. 
Allowing the BI field to be dynamical implies that deriva- 
tives of this field can no longer be set to zero when one 
varies the action and integrates it by parts. These deriva- 
tives generically lead to a torsion-full condition that pro- 
duces non-trivial modifications to the field equations. 

Scalarization is motivated in two different ways. One 
such way is the study of the possible variation of what we 
believe to be "universal physical constants." The study 
of models that allow non-constant couplings have a long 
history, one of the most famous of which, perhaps, is 
the so-called Jordan-Brans-Dicke theory [ll|, [l2| . In this 
model, the universal gravitation constant G is effectively 
replaced by a time varying coupling field, such that G 7^ 
(see eg. [l3| and references therein for a review). Along 
these same lines, one could consider the possibility of a 
non-constant Hoist coupling, where the variation could 
arise for example due to renormalization of the quantum 
theory. Such a possibility could and does lead to inter- 
esting corrections to the dynamics of the field equations 
that deserve further consideration. 

Another motivation for scalarization is rooted in a re- 



cent proposal of a parity-violating correction to GR in 4 
dimensions: Chern-Simons modified gravity ^14] . In this 
model, a Pontryagin density is added to the Einstein- 
Hilbert action, multiplied by a 6'-field that controls the 
strength of the correction. The Pontryagin density, how- 
ever, can also be written as the divergence of some cur- 
rent (the so-called Pontryagin current). Thus, upon inte- 
grating the action by parts, the Chern-Simons correction 
can be thought of as the projection of the Pontryagin 
current along the embedding vector 89. Modified Hoist 
gravity can also be interpreted as the embedding of a 
certain current along the direction encoded in the exte- 
rior derivative of the BI field. In this topological view, 
dj acts as an embedding coordinate that projects a cer- 
tain current, given by the functional integral of the dual 
curvature tensor. 

We shall here view modified Hoist gravity as a viable, 
falsifiable model that allows us to study the dynamical 
consequences of promoting the BI parameter to a dy- 
namical quantity. This model is a formal enlargement or 
deformation of GR in the phase space of all gravitational 
theories, in which the BI scalar acts as a dynamical de- 
formation parameter, where 7 — const, corresponds to 
GR. Arbitrarily close to this fixed point, one encounters 
deviations from GR, which originate from a modified tor- 
sional constraint that arises upon variation of the modi- 
fied Hoist action with respect to the spin connection. We 
shall explicitly solve this constraint to find that the tor- 
sion and contorsion tensors become proportional to first 
derivatives of the BI field. In the absence of matter, we 
find no parity violation induced by such a torsion tensor, 
as opposed to other modifications of GR that do include 
matter 0,[l3,IIl. 

The variation of the action with respect to the tetrad 
yields the field equations, which differ from those of GR 
due to the non- vanishing contorsion tensor. The modi- 
fication to the field equations are found to be quadratic 
in the first-derivatives of the BI field, and in fact equiva- 
lent to a scalar field stress-energy tensor with no poten- 
tial and non-trivial kinetic energy. This stress energy is 
shown to be covariantly conserved, provided the BI field 
satisfies the equation of motion derived from the varia- 
tion of the action with respect to this field. Since the BI 
field now possesses equations of motion, it is dynamically 
determined and not fixed a priori. Moreover, the motion 
of point particles is still determined by the divergence 
of their stress-energy tensor and unaffected by the Hoist 
modification, allowing the modified theory to satisfy the 
strong equivalence principle. 

Solutions of the modified theory are also studied, both 
for slowly- varying and arbitrarily- fast, time- varying BI 
fields. Since the modification to the field equations de- 
pends on derivatives of the BI scalar, every GR solution 
remains a solution of the modified model for constant 7. 
For slowly- varying BI fields, we find that GR solutions re- 
main solutions to the modified theory up to second order 
in the variation of the BI parameter, due to the structure 
of the stress-energy tensor. In fact, gravitational waves 



in a Minkowski or Friedmann-Roberston- Walker (FRW) 
background remain unaffected by the Hoist modification, 
and the BI field is seen to satisfy a wave equation. For 
arbitrarily- fast, time- varying BI fields, cosmological so- 
lutions are considered and the scalar field stress energy 
tensor induced by the Hoist modification is found to re- 
duce to that of a pressureless perfect fiuid in a comoving 
reference frame. For a flat FRW background and in the 
absence of other fields, the scale factor is shown to evolve 
in the same way as in the presence of a stiff perfect fiuid. 

Finally, an effective action is constructed by reinsert- 
ing the solution to the torsional constraint into the mod- 
ified Hoist action, which is found to lead to the same 
dynamics as the full action. This effective action corre- 
sponds again to that of a scalar field with no potential but 
non-trivial kinetic energy. Such non-trivial kinetic terms 
in the action prompt the comparison of modified Hoist 
gravity to k- inflationary models, in which the inflaton is 
driven not by a potential but by non-standard kinetic 
terms. Modified Hoist gravity only contains non-trivial 
quadratic first-derivatives of the scalar field, which in it- 
self is insufficient to lead to inflation in the k-inflationary 
scenario |lq . However, inflationary solutions are found 
to be allowed provided quadratic curvature corrections 
are added to the modified Hoist action, which are prone 
to arise upon a UV completion of the theory. 

The remainder of this paper deals with details that 
establish the results summarized above. We shall here 
adopt the following conventions. Capitalized Latin let- 
ters /, J, . . . — 0,1,2,3 stand for internal Lorentz in- 
dices, while lower Greek letters iJ.,1', ... — 0,1,2,3 stand 
for spacetime indices. Spacetime indices are usually 
suppressed in favor of wedge products and internal in- 
dices. Wc also choose the Lorentzian metric signa- 
ture (— , +, +, +) and the Levi-Civita symbol convention 
J70123 = +1, which implies fj^^'^^ = — 1. Square brack- 
ets around indices stand for antisymmetrization, such as 



-[ah] 



{Aab — ■Aba)/'2. Other conventions and notational 



issues are established in the next section and in the Ap- 
pendix. 



II. MODIFIED HOLST GRAVITY 

In this section we introduce modified Hoist gravity and 
establish some notation. Let us consider the following 
action in first-order form: 

S = ^ fejjKLe'Ae^AF''^ 
An J 

+ ^ fie^ Ae-^ /\Fij + S^,t, (1) 

where n — SnG, S'mat is the action for possible additional 
matter degrees of freedom, tijKL is the Levi-Civitaa ten- 
sor, e is the determinant of the tetrad e and e/ is its in- 
verse. In Eq. ID), the quantity F^^ is the curvature tensor 
of the Lorentz spin connection w^'' , while 7 = I/7 is a 
coupling field, with 7 the BI field. Note that the first 



term in Eq. ([T]) is the standard Einstein-Hilbert piece, 
while the second term reduces to the standard Hoist piece 
in the limit 7 = const, (or 7 — const.). Also note that in 
the modified theory there are three independent degrees 
of freedom, namely the tetrad, the spin connection and 
the coupling field. 

Varying the action with respect to the degrees of free- 
dom one obtains the field equations of the modified the- 
ory. Assuming that the additional matter action does 
not depend on the connection and varying the full action 
with respect to this quantity, one obtains 

i-ijKhT^ ^e■' ^ -CK A CL A D(^)^ ~ 2 ^ T^k /\ e^], (2) 

where Dr^^\ stands for covariant differentiation with re- 
spect to the spin connection and the torsion tensor is 
defined as T^ — Dt^^^-^e^ . One can arrive at Eq. ^ by 
noting that 5^R^^ = Df^^-jSuj^^, where 6uj is shorthand 
for the variation with respect to the spin connection, 
and integrating by parts. We shall here ignore bound- 
ary contributions that arise when integrating by parts, 
since they shall not contribute to the scenarios we shall 
investigate in later sections (gravitational waves and cos- 
mological solutions). For the case of black hole solutions, 
such boundary terms could modify black hole thermody- 
namics in the quantum theory, but this goes beyond the 
scope of this paper. 

The remaining field equations can be obtained by vary- 
ing the modified Hoist action with respect to the tetrad 
and the coupling field. Varying first with respect to the 
tetrad we find 



eijKLe 



J ^pKL 



-276^ A F, 



IJ, 



(3) 



where again we have assumed the additional matter de- 
grees of freedom do not depend on the tetrad. Varying 
now the action with respect to the coupling field we find 



SS„ 



Sj 



1 

2k. 



e' A D^^)Ti, 



(4) 



where we have assumed the matter degrees of freedom 
could contain a contribution that depends on 7 and thus 
the BI field. 

The field equations of modified Hoist gravity are then 
Eqs. ©-ill]). Note that for any non-constant value of 7, 
the Hoist modification leads to a torsion theory of gravity. 
More interestingly, even if 7 = 0, modified Hoist gravity 
also leads to torsion provided the derivatives of the BI 
parameter are non- vanishing. In fact, Eq. ^ resembles 
the Einstein equations in the presence of matter, where 
the matter stress-energy is given by the covariant deriva- 
tive of the torsion tensor. Such a resemblance is some- 
what deceptive because the curvature tensor is not the 
Riemann tensor, but a generalization thereof, which also 
contains torsion-dependent pieces. Thus, the full modi- 
fied field equations can only be obtained once Eq. ^ is 
solved for the torsion and contorsion tensors. 



III. TORSION AND CONTORSION IN 
MODIFIED HOLST GRAVITY 

In this section we solve for the torsion and contorsion 
tensors inherent to modified Hoist gravity. Equation ^ 
is difficult to solve in its standard form, so instead of ad- 
dressing it directly we shall follow the method introduced 

by [a]. 

Let us then simplify Eq. ([T]) in the following manner 

1 /■ 1 

+ TT / 7 e^ A e'^ A e^ A c^-Fukl + 5mat, (5) 
Ik, J I 

= j-JeuKL{-^)e"^^F^^PQ 



+ 



4k 



7(-CT)e 



IJKL 



F, 



+ S„ 



IJKL -t Jmat 



^/(-4)(-^)<f^"^.Q 



1 
4k 

1 
2k 



+ 7- I j{-^)^"''''FiJKL + S^,t, 



Oi^T t PO — —£ rijKL 



(6) 



(7) 



'KL 



PQ 



Or, 



where a = d'^Xy^—g — d^x e. In Eq. fS]) we reinstated all 
indices of the curvature tensor following the conventions 
in the Appendix. In Eq. ([6]), we have used the following 
identity: 



e^Ae-'Ae^Ae^=-ae^^^^, 



(8) 



which derives from the relation e" A e^ A e^ A e'^ = 
1/4! fjijKL e^e^e^e^ , where fjuxL is the Levi-Civita 
symbol. Equation ([7]) makes use of the 5 — e relation, 
which in four-dimensions reduces to 

e^'^'ej.jpc, ^ -4^1 :^ -Uf5'^ = -2 (<5f ,5^ - 5^p5^] 

(9) 
The modified Hoist action can thus be recast as follows: 

S=^j d^xe p"kl e^e:;i^^^^„ (10) 



where the operator p '^ kl is given by 

In terms of this operator, Eq. ^ becomes 



(11) 



P^'klD^^) (e^e'-j) = -e^e^ klD^^)!, (12) 
and after isolating the torsion tensor we obtain 



2T[i A e,7] 



272 + 2 

276/ A ej A e"^] , 



[cMNije^^ A e^ A 



(13) 



where we have employed the inverted projection tensor 



The equation of motion for 7 then becomes 



ip-') 



KL 



IJ 
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T + 



t( 






7^ IJ 



(14) 



The torsion tensor can now be straightforwardly com- 
puted by solving the torsion condition [Eq. p^ ] to find 



T' = -- 



1 1 



272 



1 



e JKL 



d^-f + 1 S[jdK]l 



e' ^e^ 



(15) 



This expression can be shown to solve Eq. ([2]), thus sat- 
isfying the field equation associated with the variation of 
the action with respect to the spin connection. 

Before we can address the modified field equations for 
the tetrad fields, we must first calculate the contorsion 
tensor. This tensor plays a critical role in the construc- 
tion of the spin curvature, correcting the Riemann cur- 
vature through torsion-full terms. Let us then split this 
connection into a symmetric, tetrad compatible piece V^'' 
and an antisymmetric piece C^"^, called the contorsion: 



c.^'^ = r^'^ 



c 



IJ 



(16) 



In the Appendix, we derive the relation between the con- 
torsion and torsion tensor, so in this section it suffices to 
mention that they satisfy 

CijK = - 2 {TijK + TjKi + Tkji) , (17) 

where here we have converted the suppressed spacetime 
index into an internal one with the tetrad. 
The contorsion tensor is then simply 



a 



1 1 



IJ 



272 



- {euKQe^'d'^j - 27e[,5j]7) . (18) 



One can verify that this tensor indeed satisfies the re- 
quired condition Tuk = —2Ci[jk]- 



IV. FIELD EQUATIONS IN MODIFIED HOLST 
GRAVITY 



The field equations in modified Hoist gravity are given 
by Eqs. ©-([I]), the first of which (the torsion condition) 
was already solved for in the previous section. We are 
then left with two sets of coupled partial differential equa- 
tions, one equation for the reciprocal of the BI field 7 
[Eq. (|4])] and ten equations for the tetrad fields [Eq. ^]. 

Let us begin with the equation of motion for 7. We can 
compute the right-hand side of Eq. ([l]), by first calculat- 
ing the covariant derivative of the torsion tensor. Upon 
contraction with a tetrad, this quantity is given by 



e/Ai?(^)r^ 



-3<T- 



(7^ + 1) 



^{d^f + 'Sa 



1 



r 



1 



□7, (19) 



where D = Dj^D^ = g'^'-'^D^D^ is the covariant 
D'Alembertian operator, a — \J—g = e is the volume 
element and (^7) := {dhl){d^l) — g'^^{dfj.'^){d^^)- 



SSmut 3ct 7 /c,-\2 3(5- 1 

3 (^7) - — 7rTT°7- (20) 
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Even in the absence of other matter degrees of freedom, 
the field equations themselves guarantee that the BI cou- 
pling be dynamical. In a later section we shall study 
solutions to the equations of motion in different back- 
grounds that are approximate solutions to the modified 
field equations in the new theory. 

In order to obtain the modified field equations let us 
contract e'^A into Eq. ^. Doing so we obtain, 



F', 



IsfF 



-je^^^'^F/.PQ-jFe^Ae,, (21) 



where note that the last term will later vanish because it 
is totally antisymmetric and we shall drop it henceforth. 
The overhead bar in Eq. (j2ip is a reminder that no indices 
have been suppressed, and thus, here Fij :— S^^F^ jls 
and F = S^^S^F^^PQ = S"Fij. 

With this notation, the modified field equations re- 
semble that of GR, except that here the F tensor is not 
the Ricci curvature but it also contains corrections due 
to torsion. Let us then decompose the curvature tensor 
into the Riemann curvature plus additional terms that 
depend on the contorsion tensor: 



F KL — R KL + Fl KL, 



(22) 



where H^^ kl stands for the Hoist correction tensor 



H 



IJ 



KL 



^D^l^C",, 



n^I r<^IJ 

^L' M[K'~^ 1 



(23) 



with £'(r) the covariant derivative associated with the 

" ' ' " ""^ re- 



symmetric connection. We then find that Eq. ^1 
duces to 



G'l 



H^i 



IsfH 



1,sjpQh^ 



JPQ, 



(24) 



where again Hjj ■- S'^^Hkils and H = S^^^^H^^pq. 
The right-hand side of Eq. (|M|) acts as a stress energy 
tensor for the reciprocal of the BI scalar. 

The remainder of the calculation reduces to the ex- 
plicit calculation of the Hoist correction tensor for the 
contorsion found in the previous section. In a sense, 
Eq. p4)) is similar to the decomposition of the correction 
into irreducible pieces: a trace, a symmetric piece and 
an antisymmetric piece. The calculation of these pieces 
is simplified if we first calculate the covariant derivative 



of the contorsion and the contorsion squared, namely 
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With these expressions at hand, the Hoist correction ten- 
sor is given by 

H J = iH J + 2H J 



1 



7 



1 



72 + 1 [72 + 1 

7 



(9/7) (9''7) + ^S'l (dif 



Djd'j+^D-,S'j I 



2H J 



^L^ J\/[i<-<-^ J] 
1 1-72 



2(1+72)2 
and its trace is then simply 



(97)' '^S- (9^7) (9,77)1, (26) 



H = - 
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Finally, the antisymmetric part of this tensor is given by 
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We have now all the machinery in place to compute 
the modification to the field equations [ie. the right-hand 
side of Eq. ([24]) ]. Combining all irreducible pieces of the 
Hoist correction tensor, we find 



G^/ = 



1 



272 + 1 
or in terms of spatial indices 
3 1 



(9^7) (5/7) -^^f (97)' 
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272 + 1 



(9^7) (9^7) - -.9^^ (97)^ 



(29) 



(30) 



Remarkably, the second derivatives of 7 have identically 
cancelled upon substitution of the solution to the tor- 
sional constraint. Perhaps even more remarkably, we find 



that modified Hoist gravity is exactly equivalent to GR 
in the presence of an BI field with stress-energy tensor 



T — - 

2k 7^ 
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{d,i) (9.7) 



23m^ (^7)' 



(31) 



Such a stress-energy tensor is similar to that of a scalar 
field, except for a scalar-field dependent prefactor and 
the fact that 7 obeys a more complicated and non-linear 
evolution equation [Eq. ((20|) ] than the scalar field one. 



V. SOLUTIONS IN MODIFIED HOLST 
GRAVITY 

Now that the field equations have been obtained, one 
can study whether well-known solutions in GR are still 
solutions in modified Hoist gravity. Formally, in the limit 
7 = const., all GR solutions remain solutions of the mod- 
ified theory. If one adopts the view that derivatives of the 
BI field are small, then to first order in these derivatives, 
all standard solutions in GR also remain solutions of 
modified Hoist gravity. This is because the stress energy 
tensor found in the previous section depends quadrat- 
ically on derivatives of the BI field, and thus, can be 
neglected to first order. 

Perturbations of standard solutions that solve the lin- 
earized Einstein equations, however, need not in gen- 
eral be also solutions to the linearized modified Hoist 
field equations. For example, perturbations of the 
Schwarzschild spacetime will now acquire a source that 
depends on the BI field. This source could in turn modify 
the gravitational wave emission of such perturbed space- 
time, and thus, the amount of energy-momentum carried 
by such waves. 

Exact solutions to the modified field equations are dif- 
ficult to find, due to the non-trivial coupling of the BI 
scalar to all metric components. We can however study 
some of the perturbative features of this theory to first or- 
der. In the next subsections we shall do so for spacetimes 
with propagating gravitational waves and FRW metrics. 



Gravitational Waves and Other Approximate 
Solutions 



Let us begin by assuming a flat background metric with 
a gravitational wave perturbation 



Qiiu V^i' ^ i^^u- 



(32) 



In the limit 7 — const., all solution of the Einstein equa- 
tions are also solutions of the modified Hoist equations, 
and thus, Minkowski is also a solution. The Minkowski 
metric then is the background solution we shall employ. 
Let us now concentrate on the first-order evolution of 
7 in a Minkowski background. Since we are assuming 
the BI field varies slowly, terms quadratic in 97 can be 
neglected, and the equation of motion for 7 becomes 



-92 + dkd'' 



)7 = 0, 



(33) 



whose solution is 



7 = 7c cos (uit — kiX) + 75 sin {ojt — kiX) 



(34) 



where 7c,s are constants of integration, while uP' — kik^ 
is the dispersion relation, with uj the angular velocity and 
ki the wave-number vector in the direction of propaga- 
tion. 

Now that the evolution of the BI field has been de- 
termined to first order, one can study first-order gravi- 
tational wave perturbations about Minkowski spacetime. 
In doing so, the modified field equations become 



G^,[K,] = 0{uj/^f 



(35) 



where VL is the gravitational wave frequency. Note that 
the left-hand side stands for differential operators acting 
on the metric perturbation (i.e. in the Lorentz gauge, 
this operator would be the flat-space Laplacian), while 
the right-hand side stands for terms of second-order in 
the variation of the Bf field. Thus, in modified Hoist 
gravity, gravitational waves obey the same wave equation 
as in GR, to leading order in the variation of the Bf field. 
The equation of motion for 7 can also be solved exactly 
in a flat background, namely 



-f^-^Q\n{\ + k^,x^') 



(36) 



where 70 and k^^ are constants of integration. One can 
check that for c^x^ <C f one recovers the linearized ver- 
sion of the wave solution presented above. Of course, if 
all orders in the derivatives of the Bf field are retained, 
gravitational wave perturbations will be modified, but 
then one must treat the coupled system simultaneously. 
Such a study is beyond the scope of this paper. 

The result presented above is of course not dependent 
on the background chosen. For example, let us consider a 
Friedmann-Robertson- Walker (FRW) background in co- 
moving coordinates 



ds^ = 0(77) {-dif + dxidx') 



(37) 



where 0(77) is the conformal factor, 77 is conformal time 
and X* are comoving coordinates. As before, to zeroth 
order in the derivatives of the Bf field, the FRW metric 
remains an exact solution of the modified theory. Ne- 
glecting quadratic first derivatives of the Bf field, its evo- 
lution is still governed by a wave equation, but this time 
about an FRW background: 



9^7 _ 2H9„7 + a,a^7 = 0, 



(38) 



where TL := dr/a/a is the conformal Hubble parame- 
ter. The solution to this equation is still obviously a 
wave, with comoving angular velocity and wavelength, 
i.e. Eq. (j36p with k ^ k — a{r])k and to —^ uj = a{vi)uj. 

The argument presented above can be generalized to 
other exact solutions. For example, the Schwarzschild 
and the Kerr metrics remain exact solutions to the mod- 
ified Hoist field equations to zeroth order in the deriva- 
tives of the BI field. In turn, 7 is constrained to obey 



a wave equation in these background, neglecting its 
quadratic derivatives. This field would then source cor- 
rections to the background that would appear as modi- 
fications to the perturbation equations, but we shall not 
study these perturbations here. 



B. Cosmological Solutions 

Let us now consider the evolution of the universe in 
modified Hoist gravity. Let us then consider the FRW 
line-element in cosmological non-comoving coordinates 



ds^ = -dt^ 



\t) 



dr'^ 



1 — fcr^ 



sm' 



'■iO)d<P') 



(39) 

where a{t) is the scale factor, t is cosmological time and 
k is the curvature parameter. 

First, let us study the evolution of 7 in this back- 
ground. In GR, the evolution of any cosmological stress- 
energy is given by the divergence of Tp,y, namely V^T'^i,. 
The zeroth component of this equation is usually used to 
determine the scale-factor dependance of the energy den- 
sity, once an equation of state is posed. In modified Hoist 
gravity, we find that energy conservation is automatically 
guaranteed, provided 7 satisfies its own equation of mo- 
tion [Eq. (PD|) ]. which in the absence of exterior source it 
reduces to 



n7 = 



7 



7'-f 1 



{d^y 



(40) 



In order to make progress, we shall assume that the 
BI field depends only on time, such that the equation of 
motion of its reciprocal reduces to 



j + 3Hj 



T 



7 ^2 

r7 , 



1 



(41) 



where overhead dots stand for partial derivatives with re- 
spect to cosmological time and H := a/ a. This equation 
can be solved exactly to find 



7 



r2 
■^0 



(1 + 7^) 



^,2^1/2 



(42) 



where Lq is a constant of integration needed for dimen- 
sional consistency. Equation P^ can be inverted to ren- 
der 



7(i) =sinhyl, 
where we have defined 

m:=j^^dt^ 



(43) 



(44) 



which contains a hidden constant of integration. We see 
then that the BI field depends on the integrated history 
of the inverse volume element of spacetime. Naturally, as 



spacetime contracts (near the spacelike singularity where 
a{t) ^ 0), 7 ^ cxD and the BI scalar tends to zero. 

Let us now return to the modified field equations. Due 
to the symmetries of the background, there are only two 
independent modified field equations, namely 



7 



a " 272 + 1' 



2^-0. 



(45) 



(46) 



We can simpHfy Eq. (gS]) with both Eqs. ([46]) and ([421) 
to find 

(47) 



r4 
^0 



4a6 



Equations (|46p and (|T7|) are the only two independent 
modified field equations and they reduce to the Ray- 
chaudhuri and Friedmann equations respectively in the 
limit 7 = const. The flat (fc = 0) solution to the Hoist- 
modified Friedmann-Raychaudhuri equations is simply 
a oc Lq {t — io)^ , where to is an integration constant, 
associated with the classical singularity. 

Interestingly, one can now reinsert this solution into 
Eq. (im to study the temporal behavior of the BI scalar. 



Doing so, one finds that 7 a [{t — to)/ti] 



2/3 



[{t 



to)/ti]^^^^: where ii is the hidden constant of integra- 
tion of Eq. (|44p . which is fixed via initial conditions on 
7. Such a solution implies that as t — > to or t — > 00, 
7 ^ 00, which forces the BI scalar 7 to asymptotically 
approach zero. 

Such results, however, are at this point premature since 
modified Hoist gravity is a classical theory and one must 
analyze its quantization more carefully to determine what 
the 7 field represents in terms of the spectrum of quan- 
tum geometric operators. If we make the naive assump- 
tion that this field plays the same role in the quantized 
modified theory as in LQG, then in the infinite future 
limit t — > 00, the spectrum of quantum geometric op- 
erators would become continuous. Surprisingly, in the 
infinite-past limit t —> tg, the spectrum of geometric op- 
erators also approaches continuity, which could indicate 
that the BI scalar becomes asymptotically free. 

The Hoist modification with time-dependent BI field 
is then equivalent to GR in the presence of a perfect 
fiuid. The stress-energy tensor of such fluids is given by 
Tfuj = {p + p) Ufj_u^ — pg^v, where p is the pressure, p is 
the energy density and u^ is the 4-velocity of the fluid. 
In this case, the Hoist modification is equivalent to a 
pressureless perfect fluid in a comoving reference frame 
M^t = [—1,0,0,0], with energy density 

r....^jg^ (48, 

Such a stress energy energy in fact also leads to the same 
scale-factor evolution as a pressureful perfect fluid in a 
comoving reference frame with equation of state p — wp 
and w = +1 . Such an equation of state is called stiff in 
the literature. 



VI. EFFECTIVE ACTION AND INFLATION 

The structure of the torsion and contorsion tensors re- 
mind us of the Klein-Gordon scalar fleld. For this reason, 
it is interesting to study the correction to the effective ac- 
tion obtained by reinserting these tensors into Eq. (|10p . 
In doing so, one obtains 



^^^ ' Yk 



R-'.- 



1 



272 



1 



{d^Y 



(49) 



where again we see that the second derivatives have iden- 
tically vanished. In general, the insertion of the solution 
to the torsion condition into the action and its variation 
to obtain field equations need not commute. In this case, 
however, they do as one can trivially check by varying 
Eq. (j49p with respect to the metric. Similarly, from this 
effective action one can recompute the stress-energy ten- 
sor of 7 to obtain Eq. (pij) . 

Non-trivial kinetic terms in the action, similar to those 
in Eq. pT|) . are the pillars of the k-infiationary model. 
In this model, infiation and the inflaton field are driven 
by such terms, instead of a potential. More precisely, 
Ref. [i^l considers the following action: 



^k 



1 
2k 



J4 / 

a x\/—g 



R - nK{i:) {di>f 



|l(V) {di^f 



(50) 
where ^ is the infiaton, while K{'ip) and L(^p) are non- 
trivial arbitrary functions of the scalar field -0. Ref. |16l | 
shows that this modified action is equivalent to GR 
with a perfect fluid, whose stress energy tensor T^^ = 
{p -f p) u^Un — pg^v and its energy density and pressure 
are given by 

p = \k{^,) {di,f + -M4,) [d^f , 



p 



2 vw V r. ^ 



with four-velocity 



(d^f 



--d^^, 



(51) 



(52) 



and with -0 > 0. Infiation then arises provided w — 
p/ p = — 1, which corresponds to 



K 
1 



-^~{d^Y 



(53) 



One then discovers that if non-trivial quadratic and quar- 
tic kinetic terms are present in the action, inflation can 
arise naturally without the presence of a potential. 

The k-infiationary scenario can be compared now to 
modified Hoist gravity. Doing so, one finds that the mod- 
ified Hoist contribution to the effective action is equiva- 
lent to the one considered in [16], where, modulo a con- 
ventional overall minus sign 



K 



1 



2^72 



L = Q. 



(54) 



Note that the functional K is always positive, provided 
the BI field is real. If 7 is complex (which is allowed 
provided 7 7^ z), then the K functional could in fact 
change signs. 

One is thus tempted to arrive at the perhaps surpris- 
ing identification of the BI field as the inflaton of early 
cosmology. However, modified Hoist gravity as analyzed 
here (without external potential contributions) is not suf- 
ficient to lead to an inflationary solution. One has al- 
ready seen this in the previous section, where we found 
that a{t) ex t^l^ 7^ c^*. In other words, since L = Q 
the energy density of the analog perfect fluid would be 
equal to its pressure, thus leading to a so-called "hard" 
or ""stiff"" equation of state and a{t) ex t^/^. 

Two paths can lead to inflation in modified Hoist grav- 
ity. The first path is to include a potential or kinetic 
contribution for the BI field to the action or matter La- 
grangian density (the 5mat considered earlier). The obvi- 
ous choice would be to simply add a quartic term of the 
form iV(7) {d^) . Another less trivial possibility would 
be to include a term of the form 



S'mat ~ 9 / ^IJKL 



e^ Ae' AF 



KL 



{diY + V{-t) , (55) 



such that 



C 



EH 



the full 

2 



Lagrangian density became C 



1 + (97) + V{^) 



Since the Einstcin-Hilbcrt La- 
grangian density contains non-trivial kinetic terms, such 
an additional kinetic piece would lead to quartic first 
derivatives and thus non- vanishing L{ip). 

Another much more natural route to produce quar- 
tic terms that does not involve adding arbitrary poten- 
tial or kinetic contributions to the action is the inclu- 
sion of higher-order curvature corrections to the action. 
The modified Hoist action corrects GR at an infrared 
level, without producing ultraviolet corrections. How- 
ever, the effective quantum gravitational model repre- 
sented by modified Hoist gravity might require UV com- 
pletion, just as string theory does. In string theory, 
such completion arises naturally in the form of effec- 
tive Gauss-Bonnet and Chcrn-Simons terms. Such terms 
are topological in 4-dimensions and are thus usually in- 
tegrated by parts and the boundary contribution set to 
zero. However, in modified Hoist gravity, such terms will 
generically be non- vanishing. For example, a Ricci scalar 
squared correction to the action would lead to a new term 
in the effective action of the form 



{dif (56) 



2k J "" ^4(^2 + 1) 

With this correction, the L{il)) function is not vanishing 
and in fact reduces to 



L = -- 



9 



1 



2k (^2 



1) 



The ratio of functionals then becomes 
K 1 



L 



(1 



■7 



(57) 



(58) 



which could generically lead to inflation. We thus con- 
clude that although plain modified Hoist gravity does not 
lead directly to inflation, it does allow for k-type infla- 
tion provided UV motivated, dimension-four corrections 
to the modified Hoist action, such as a Gauss-Bonnet 
one, are also included in the action. 



VII. CONCLUSIONS 

We have studied an LQG-inspired generalization of 
GR, where the Hoist action is modified by promoting 
the BI parameter to a dynamical scalar field. Three sets 
of field equations were obtained from the variation of 
the action with respect to the degrees of freedom of the 
model. The first one is a non-linear, wave-like equation 
of motion for the reciprocal of the BI field, obtained from 
the variation of the action with respect to this field. The 
second one is a torsional constraint, obtained from the 
variation of the action with respect to the spin connec- 
tion, which forces the spin connection to deviate from 
the Ghristoffel one. The third set corresponds to the 
modified field equations (a modification to the Einstein 
equations), obtained by varying the action with respect 
to the metric. 

The torsional constraint was found to generically lead 
to Riemann-Cartan theory, with a torsion-full connec- 
tion that we calculated explicitly in terms of derivatives 
of the BI field. From this torsion tensor, we computed 
the contorsion tensor, which allowed us to calculate the 
correction to the curvature tensor. Once this correction 
was obtained, we found explicit expressions for both the 
equation of motion for the reciprocal of the BI field as 
well as the modified field equations. The structure of the 
latter was in fact found equivalent to GR in the presence 
of a scalar field stress-energy tensor. This tensor was then 
seen to be covariantly conserved in the modified theory 
via the equation of motion of the BI field, thus satisfying 
the strong equivalence principle. 

Typically the value of the BI parameter 7 = 7^^ is 
determined by black hole thermodynamics and takes the 
value 7 ~ 0.24. However, in modified Hoist gravity the BI 
parameter is determined dynamically via its own equa- 
tion of motion. In this sense, 7 can take on an infinite 
number of values in our universe (the space of solutions 
of 7 is infinite-dimensional) and its precise value depends 
on the solution to a coupled system of partial differen- 
tial equations for 7 and the metric. For instance, int 
he cosmological context discussed in Sec. V B neglect- 
ing backreaction and for a BI scalar that is isotropic and 
homogeneous, the solution we found for 7 approaches 
and not 0.24 as in the black hole case. Therefore, in 
this context, one would need to introduce a suitable ef- 
fective potential for 7 to drive it to the black hole value. 
We have here only discussed the possibility of such a re- 
laxation mechanism for the BI scalar in modified Hoist 
gravity, but much more work remains to be done to un- 
derstand full the nonlinear behavior of 7 and to explain 



the inclusion of an effective potential. 

Solutions were next studied in the modified theory. 
Since the correction to the field equations is in the form of 
quadratic first-order derivatives of 7, all solutions of GR 
are also solutions to the modified theory if these deriva- 
tives are treated as small in some well-defined sense. 
Gravitational wave perturbations about a Minkowski and 
FRW background were also studied and found to still 
be solutions of the modified theory without any addi- 
tional modifications. The reciprocal of the BI field in 
such backgrounds was seen to pcrturbativcly satisfy the 
wave equation. 

Cosmological solutions were also investigated in the 
modified theory for an FRW background. The equations 
of motion for the reciprocal of the BI field were solved 
exactly to find hyperbolic sinusoidal solutions. The mod- 
ified Friedmann equations were then derived and solved 
to find a scale factor evolution corresponding to that of 
a stiff equation of state. In fact, in an FRW background 
and for a time- like BI field, the modified theory was found 
equivalent to GR in the presence of a pressureless perfect 
fluid in a comoving reference frame. 

Finally, an effective action was derived by inserting 
the solution to the torsional constrained into the modi- 
fied Hoist action. The effective action was found to be 
equivalent to the standard kinetic part of a scalar field 
action, with a non-trivial prefactor. Such an action was 
then compared to the ones studied in the k-inflationary 
model, where the inflaton is driven by such non-trivial ki- 
netic terms. As considered here, modified Hoist gravity 
is insufficient to drive inflation, since the BI field is found 
to be too stiff. However, upon UV completion, quartic 
kinetic terms should naturally arise due to torsion con- 
tributions that are quadratic in the modified theory. The 
combination of such non-trivial quadratic and quartic ki- 
netic terms could gencrically allow for inflationary fixed 
points in the phase space of solutions. 

Whether such inflationary solutions are truly realized 
remains to be studied further, but such a task is difficult 
on many fronts. First lack of a UV-complted modified 
Hoist gravity theory forces one to draw physical inspira- 
tion from UV completions in string theory, such as Gauss- 
Bonnet or Chern-Simons like terms. The inclusion of a 
new Gauss-Bonnet term would require the addition of 
three new terms to the modified Hoist action, including 
quadratic curvature tensor pieces, which would render 
the new equations of motion greatly nonlinear. The so- 
lution to this new system would thus necessarily have to 
be fully numerical and also raises the questions about the 
proper choice of intitial conditions. 

Even if such a UV completion leads to a tractable 
system and a solution were found, its mere existence is 
not sufficient to render the model viable as an inflation- 
ary scenario. One would necessarily also have to study 
the duration of the inflationary period (the number of 
e-folds), the spectrum of perturbations, and other tests 
that the standard inflationary model passes. This pa- 
per lays the foundations for a new set of ideas that could 



potentially tie together phenomoligical k-inflationary sce- 
narios to quantum gravitational foundations. The tools 
developed here will hopefully allow researchers to con- 
sider this model more carefully and finally contrast it 
with experimental data. 
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APPENDIX A: FIRST ORDER FORMALISM: 
CONVENTIONS AND NOTATION 

In this appendix we establish the notation for the first 
order formalism used in this paper. Let us first note that 
all spacetime indices are suppressed, and if reinstated, 
they are to be added after the internal ones. It then 
follows that the tetrad e^ and the spin connection uj^^ 
are 1-forms on the base manifold, while the curvature 
tensor associated with it, F^^, is a 2-form on the base 
manifold. 

Spacetime indices are reinstated through wedge prod- 
uct operators, where the latter are defined by the opera- 
tion 

(^AS),.:=^^A[,,...,^B.,....,] (Al) 

with A and B p- and g-forms respectively. Note that the 
wedge product satisfies the following chain rule 

i?(^) {AhB) = {D^^^A) Ai?+ (-l)MA {D(^)B) , (A2) 

and the following commutativity relation 

AAB = {-lY''BAA. (A3) 

Thus, for example, 

T' = T\, = TV^ef e^r = \t' MNe'' A e^. (A4) 
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Since the wedge product acts on spacetime indices only, 
it acts on the base manifold and not on the internal fiber 
structure. 

With this in mind, the covariant derivative only acts 
on internal indices as follows: 



C(.)A^^ 



dA''"^ + u;^*^ A Am^ + Lu"-^' A A^M, 



(A5) 



M 



M 



D(uj)Akl ■■= dAxL - ujK A Aml - ojl A Akm, 



(A6) 



where the exterior derivative operator d acts on space- 
time indices only, namely 



dA^^ := 25[^^^^,] 



(A7) 



From the anticommutator of covariant derivatives, one 
can define the curvature tensor associated with the spin 
connection 



Note that the contorsion is fully antisymmetric on its first 
two indices, while the torsion tensor is fully antisymmet- 
ric on its last two indices. Also note that Eq. (jAll|l can 
be obtained by converting Eq. (jA10[) to spacetime indices 
and using the transformation law from spin to spacetime 
connection established by D^y)^^ = (this relation is 
sometimes referred to as "the tetrad postulate"). 

With the contorsion tensor, we can now express the 
curvature tensor in terms of the Riemann tensor R^^ and 
terms proportional to the contorsion 



F 



ij 



R" + D,r)C" + C^M^C 



MJ 



(A14) 



where ^(r) is the connection compatible with the sym- 
metric connection. One can also check that the Bianchi 
identities in first order form become 



D(^)T^ ^R^kAc 



K 



D^^^R'-' = 



(A15) 



F^^ = dc.^^+c.^MAc. 



ML 



(A8) 



With this definition at hand, one can easily show by di- 
rect computation that 



S^F'-' = D^^^Suo'-'. 



(A9) 



We choose here to work with a spin connection that 
is internally compatible. In other words, we demand 
^{1^)1^"^ — Oj which then forces the spin connection to 
be fully antisymmetric on its internal indices lu^^"^' = 0. 
From this connection and the tetrad, one can also con- 
struct the torsion tensor defined as 



T' ■.^D(^)e' =de' +u;'M^e^', 



(AlO) 



which is equivalent to T^^j^ — 2Di^eL , or when spacetime 
indices are reinstated 



rp{T OT^^ 



(All) 



Note that internal metric compatibility is not equivalent 
to a torsion-free condition. 

The contorsion tensor can be obtained from the defini- 
tion of the torsion tensor. We thus split the spin connec- 
tion into a symmetric and tetrad compatible piece F^j 
and an antisymmetric piece C^ j, called the contorsion. 
The definition of the torsion tensor D(,,,\e^ = T^ then 
imposes 



(^)t 



T^ ^ C^j A e-' 



(A12) 



or simply T^ pq = — 2C^[pq]. These equations can be 
inverted to find 

CijK - - i (TijK + TjKi + Tkji) . (A13) 



Finally, it is sometimes useful to control the expression 
of the volume form in the first-order formalism. This 
quantity is given by 



a- := y^ d^x = —^eijKLe^e^e^e^ 



(A16) 



and it allows one to rewrite the contraction of the Levi- 
Civita tensor with tetrad vectors in terms of e. 



APPENDIX B: OTHER USEFUL FORMULAE 

In this appendix we present a compendium of other 
useful formulae, where the first expression corresponds 
to suppressed spacetime indices, followed by a second 
expression with spacetime indices reinstated, but trans- 
formed to internal ones with the tetrad. 

We begin with the torsion tensor 



TiJK 



1 1 

272 -fl 
1 



'\jKLd^l + l5[jdK]l 



e-^Ae^, 



r 



-r[(-iJK QlI + -f5i[jdK]l\ 



(Bl) 



and the contorsion tensor 
1 1 



Cij = - 



ClJK — — 



272 + 
1 1 

2^ 



- {eijKQe^d^-f - 27e[/a,/]7) 



J [euNQd^^^ - 2^5Kiidj]l] ■ (B2) 
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